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Isotope shift
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∆𝜈1,𝐴𝐴′ = 𝐾1 ∙ 𝜇𝐴𝐴′+ 𝐹1 ∙ 𝛿 𝑟𝐴𝐴′
2

FSMS

King plot

∆𝜈2,𝐴𝐴′ = 𝐾2 ∙ 𝜇𝐴𝐴′ + 𝐹2 ∙ 𝛿 𝑟𝐴𝐴′
2

𝑛1,𝐴𝐴′ = ൗ
∆𝜈1,𝐴𝐴′

𝜇𝐴𝐴′ = 𝐾1 + 𝐹1𝑥𝐴𝐴′

𝑛2,𝐴𝐴′ = ൗ
∆𝜈2,𝐴𝐴′

𝜇𝐴𝐴′ = 𝐾2 +𝐹2𝑥𝐴𝐴′

[1] King, W. H. (1963)

Let’s look at a pair of transitions in two isotopes A and A’. 
First-order non-relativistic case gives:

𝐼𝑆 = 𝑀𝑆 + 𝐹𝑆

electronic nuclear

, 𝑥𝐴𝐴′ =
𝛿 𝑟𝐴𝐴′

2

𝜇𝐴𝐴′
𝑛2,𝐴𝐴′ = 𝐾2 +

𝐹2
𝐹1
(𝑛1,𝐴𝐴′−𝐾1)

, here 𝜇𝐴𝐴′ =
1

𝑀𝐴
−

1

𝑀𝐴′



𝑛2

𝑛2,𝐴𝐴2

𝑛2,𝐴𝐴1
𝑎 = 𝐴𝐴1

𝑏 = 𝐴𝐴2

𝑛1,𝐴𝐴1 𝑛1,𝐴𝐴2 𝑛1

𝑐 = 𝐴𝐴3

𝑛1,𝐴𝐴3

𝑛2,𝐴𝐴3

𝑛2,𝐴𝐴′ = 𝐾2 +
𝐹2
𝐹1
(𝑛1,𝐴𝐴′−𝐾1) 𝐴, 𝐴1, 𝐴2, 𝐴3 - isotopes of an element Z

King plot



∆𝜈1,𝐴𝐴′ = 𝐾1𝜇𝐴𝐴′ + 𝐹1𝛿 𝑟
𝐴𝐴′
2𝛾1 + 𝐺1𝛿 𝑟

𝐴𝐴′
2𝛾2 +⋯

∆𝜈2,𝐴𝐴′ = 𝐾2𝜇𝐴𝐴′ + 𝐹2𝛿 𝑟
𝐴𝐴′
2𝛾1 + 𝐺2𝛿 𝑟

𝐴𝐴′
2𝛾2 +⋯

𝑛1,𝐴𝐴′ = 𝐾1 + 𝐹1𝑥𝐴𝐴′ + 𝐺1𝑦𝐴𝐴′ +⋯

𝑛2,𝐴𝐴′ = 𝐾2 + 𝐹2𝑥𝐴𝐴′ + 𝐺2𝑦𝐴𝐴′ +⋯

𝜇𝐴𝐴′ =
1

𝑀𝐴
−

1

𝑀𝐴′

𝛾1 = 𝜅1
2 − (𝛼𝑍)2

𝛾2 = 𝜅2
2 − (𝛼𝑍)2

𝜅1 = −1, 1

𝜅2 = −2, 2, −3, 3, …

𝐼𝑆 = 𝑀𝑆 + 𝐹𝑆

???

King plot non-linearity

divided both by 𝜇𝐴𝐴′



King plot non-linearity

𝑛2

𝑛2,𝐴𝐴2

𝑛2,𝐴𝐴1
𝑎 = 𝐴𝐴1

𝑏 = 𝐴𝐴2

𝑛1,𝐴𝐴1 𝑛1,𝐴𝐴2 𝑛1

𝑐 = 𝐴𝐴3

ǁ𝑐

• New Physics ? 

• Sources of nonlinearities from
higher-order SM contributions ?

or



Higher-order SM contributions

• FS affected by higher waves in the transition (p3/2, d3/2, d5/2  …)

• Nuclear polarizability

• Many-body effects

• …



Field shift
single-electron mean-field approximation

Uniformly charged 
spherical nucleus
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Field shift
single-electron mean-field approximation

Uniformly charged 
spherical nucleus

Perturbation 

R

r

𝑉0

R

V(r)

𝑉0 + 𝛿𝑉

𝛿𝑉
𝛿𝐸1 = 𝜓0|𝛿𝑉|𝜓0



𝛿𝐸𝜅 =
1

𝑧𝑖 + 1

12 𝜅(𝜅 − 𝛾)

2 𝜅 + 1 2 𝜅 + 3 [Γ 2𝛾 + 1 ]2
×

2𝑍𝑅

𝑎𝐵

2𝛾
𝐼𝜅
3

𝑅𝑦

𝛿𝑅

𝑅

𝑍 − nuclear charge

𝑧𝑖 − ion charge

𝜅 − Dirac quantum number

𝜅 = -1 1       -2        2       -3       …

𝑠1/2 𝑝1/2 𝑝3/2 𝑑3/2 𝑑5/2 …

𝛾 = 𝜅2 − (𝛼𝑍)2

𝑅 − (equivalent) nuclear charge radius

𝛿𝑅 = 𝑅2 − 𝑅1

𝐼𝜅 − ionization potential of the electron

𝑎𝐵 − Bohr radius

𝑅𝑦 − Rydberg constant

𝑟2 =
3

5
𝑅2



Island of stability

• Isotopes with (theoretically predicted) 
magic neutron number N = 184 are not 
produced in laboratories.

• Possibility: find them in astrophysical data? 
[1]

• Calculate isotope shifts for N = 184 isotopes 
and add them to spectra of synthesized 
isotopes.

[1] V. A. Dzuba, V. V. Flambaum, and J. K. Webb,
arXiv:1703.04250 (2017) Figure source: B. Averill and P. Eldredge. General Chemistry: 

Principles, Patterns, and Applications. The Saylor Foundation, 2011.





𝛿𝐸𝜅 =
1

𝑧𝑖 + 1

12 𝜅(𝜅 − 𝛾)

2 𝜅 + 1 2 𝜅 + 3 [Γ 2𝛾 + 1 ]2
×

2𝑍𝑅

𝑎𝐵

2𝛾
𝐼𝜅
3

𝑅𝑦

𝛿𝑅

𝑅

𝑍 − nuclear charge

𝑧𝑖 − ion charge

𝜅 − Dirac quantum number

𝜅 = -1 1       -2        2       -3       …

𝑠1/2 𝑝1/2 𝑝3/2 𝑑3/2 𝑑5/2 …

𝛾 = 𝜅2 − (𝛼𝑍)2

𝑅 − (equivalent) nuclear charge radius

𝛿𝑅 = 𝑅2 − 𝑅1

𝐼𝜅 − ionization potential of the electron

𝑎𝐵 − Bohr radius

𝑅𝑦 − Rydberg constant

𝑟2 =
3

5
𝑅2

Non-linearity



∆𝐸𝜅 =
1

𝑧𝑖 + 1

12 𝜅(𝜅 − 𝛾)

2𝛾 2 𝜅 + 1 2 𝜅 + 3 [Γ 2𝛾 + 1 ]2
×

2𝑍

𝑎𝑏

2𝛾
𝐼𝜅
3

𝑅𝑦
(𝑅2

2𝛾− 𝑅1
2𝛾)

𝑍 − nuclear charge

𝑧𝑖 − ion charge

𝜅 − Dirac quantum number

𝜅 = -1 1       -2        2       -3       …

𝑠1/2 𝑝1/2 𝑝3/2 𝑑3/2 𝑑5/2 …

𝛾 = 𝜅2 − (𝛼𝑍)2

𝑅 − (equivalent) nuclear charge radius

𝛿𝑅 = 𝑅2 − 𝑅1

𝐼𝜅 − ionization potential of the electron

𝑎𝐵 − Bohr radius

𝑅𝑦 − Rydberg constant

𝑟2 =
3

5
𝑅2

Non-linearity



Estimates for the non-linearities



Higher-order SM contributions

• FS affected by higher waves in the transition (p3/2, d3/2, d5/2  …)

• Nuclear polarizability

• Many-body effects



Nuclear polarizability

𝑉𝛼 = −
1

2

𝛼𝑃𝑒
2

𝑟4

𝛿𝐸𝛼 = න

𝑟0

∞

𝜌𝜅 (𝑟) −
1

2

𝛼𝑃𝑒
2

𝑟4
𝑟2𝑑𝑟

𝑟0 = ቊ
𝑅 , 𝜅 = 1,
0 , 𝜅 > 1.

Migdal formula 
for nuclear polarizability [1]: 𝛼𝑃 =

𝑒2𝑅2𝐴

40 𝑎𝑠𝑦𝑚
𝑎𝑠𝑦𝑚 ≈ 23 MeV

[1] A.B. Migdal, JETP 15, 81 (1945) 



Estimates for the non-linearities



Higher-order SM contributions

• FS affected by higher waves in the transition (p3/2, d3/2, d5/2  …)

• Nuclear polarizability

• Many-body effects



Many-body corrections
Rough estimation

∆𝜈𝑖,𝐴𝐴′ = 𝐾𝑖𝜇𝐴𝐴′ + 𝐹𝑖𝛿 𝑟
𝐴𝐴′
2𝛾1 + 𝐺𝑖𝛿 𝑟

𝐴𝐴′
2𝛾2 +⋯

• Reaction of the core electrons to the change of nuclear radius 
scales roughly as s-wave => not much effect on the non-linearity

∆෪𝐸𝜅 = Δ𝐸𝜅 − 𝜆 Δ𝜀𝑠
𝐼𝜅
𝐼𝑠

3/2

𝜆 =
1

2
for 𝜅 ≠ −1

Δ𝜀𝑠 = ∆𝐸𝑠Here or Δ𝜀𝑠 = ∆𝐸𝑠 + ∆𝐸𝑠,𝛼 .

From the comparison with 
numerical calculation data [1]:

𝜆 ≈ 0 for 𝜅 = −1 (s-wave)

𝐼𝜅 − ionization potential
of the electron

[1] Berengut et al., 
arXiv: 1704.05068



∆෪𝐸𝜅 = Δ𝐸𝜅 − 𝜆 Δ𝜀𝑠
𝐼𝜅
𝐼𝑠

3/2

Quadratic terms

∆෪෪𝐸𝜅 = ∆෪𝐸𝜅 ±
∆෪𝐸𝜅

2

𝐼𝜅



Estimates for the non-linearities



𝑉𝜑 = −𝑞𝑒𝑞𝑛𝑁
𝑒−𝑘𝑟

𝑟

𝑘 =
𝑚𝜑𝑐

ℏ
, 𝛼𝑁𝑃 ≡

𝑞𝑒𝑞𝑛
ℏ𝑐

𝛿𝐸𝑁𝑃 = −𝑞𝑒𝑞𝑛∆𝑁න

0

∞

𝜌𝜅 (𝑟)
𝑒−𝑘𝑟

𝑟
𝑟2𝑑𝑟

What new particle’s 𝛼𝑁𝑃 could produce the same 
non-linearity, as we have found for SM effects?

New Physics in King plot?



Estimates for the new interactions



To be continued …
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Element Transition IS, experiment (MHz) IS, theory (MHz)

Ca (A=46-48) 3p6 4s2 – 3p6 4s 4p -25.3 ± 1.0 -31

Yb (A=174-176) 4f14 6s2 – 4f14 6s 6p 993 ± 250 1217

Hg (A=202-204) 5d10 6s2 – 6d10 6s 6p 5238 ± 11 4939

No (A=259-286) 7s2 - 7s 7p -7.2 cm^-1 -9.2 cm^-1

[1] Fricke, G., Heilig, K. "Nuclear charge radii" (2004).
[2] V. A. Dzuba, V. V. Flambaum, and J. K. Webb, arXiv:1703.04250 (2017)
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Mass shift

∆𝐸∞,𝑀=
σ𝑖 𝑝𝑖

2

2(𝑀 +𝑚)
+

σ𝑖>𝑗 𝐩𝑖𝐩𝑗

(𝑀 +𝑚)

Energy difference between the infinite and finite mass isotopes:

NMS: change of the reduced mass
(single-electron effect)

SMS: electron correlations
(many-electron effect)

(𝑀 – nuclear mass, 𝑚 – electron mass, p – electron momenta)



∆𝐸𝑀1,𝑀2
=

𝐾(𝑀1 −𝑀2)

(𝑀1 +𝑚)(𝑀2 +𝑚)
≈ 𝐾𝜇

Energy difference between the infinite and finite mass isotopes:

(𝑀 – nuclear mass, 𝑚 – electron mass, p – electron momenta)

∆𝐸∞,𝑀=
𝐾

(𝑀 +𝑚)

𝜇 =
1

𝑀1
−

1

𝑀2

, 𝑚 ≪ 𝑀

Mass shift



Mean square charge radius:

𝑟2 =
0׬
∞
𝑟4𝜌 𝑟 𝑑𝑟

0׬
∞
𝑟2𝜌 𝑟 𝑑𝑟

R
𝑟2 =

0׬
𝑅
𝑟4𝑑𝑟

0׬
𝑅
𝑟2𝑑𝑟

=
3

5
𝑅2

Field shift


