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Band theory of solids

Lattice translation symmetry:

[H,T(R)] =0, T(R)[¥) = e™F|W)

Bloch theorem: W1 (r) = e 4,1 (1)

Schrodinger equation:
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Two types of geometry in metals

a) “Lifshitz-Azbel-Kaganov” geometry:
geometry of iso-energetic surfaces, |
FE. = const, led to "Fermiology”

5 Fermi surface
do = Agd@ + Atpd(p of Pb

b) “Pancharatnam-Berry” geometry: 2Lale |u >
geometry of wave functions /

YO = fc dk - Ay
Ay = i(uk|Vk|uk) -Berry connection

u, ) €



Examples of geometric phases abound in many areas of physics. Many
familiar problems that we do not ordinarily associate with geometric phases

may be phrased in terms of them. Often, the result is a clearer understanding

of the structure of the problem, and an elegant expression of its solution.

M. V. Berry,
in Shapere&Wilczek, “Geometric phases in physics”

Secret: one can do anything without
using the geometric phase stuff



Classical mechanics of electrons in solids

Promote the band energy to the classical Hamiltonian:

H(r,k)=Eg_ca + eop(r)

“Peierls substitution”
Write down the equations of motion:

r = akEka
k= —0,E + edpEy x B.
Then perhaps solve the Boltzmann equation:

Of +7Vf+ kO f =1,

We would like to describe deviations from this picture, i.e.
the departure from the classical point of view.



Berry phases in adiabatic evolution

Define the Bloch Hamiltonian: Hy |tu,k) = Frk|tnk)

Hy = e~ (£ 4 U(r)) e = BLE 1 p(r).

2m

For k — k(t), define instantaneous eigensystem:

Hy |unk) = Enk|tnk)

Project the dynamics onto a given band,(Unk)|(. .- S E....):
i0h0)) = Hiqo ), 1) = c(t)e™ /" e ® )

In this case, only a phase can be accumulated:

c(t) = —(ur() O lurw) )c(t),  he = [, dk- Ag

c(t) = c(0)e"B, Ax = 1(uk|Vk|uk)




Example: Landau levels in graphene

Hi = vok = v(ozky + oyky)

) = 5 ( o)

Trajectory in r-space: Trajectory in p-space:
c — £

Berry connection and Berry curvature:

Ay = 7 (uk|Opur) = —3¢
27
— [P dpkAy =

YC



Example: Landau levels in graphene

Trajectory in r-space: Trajectory in p-space:

(B semsenn ™ (3

Semiclassical (Lifshitz-Onsager) quantization:

Ykin + YA—B + V¢ = 2m(n + 1/2)

b 2
£ ¢ pdr =2355mp Do = " FeB ™D T

thwf;z = 2mn = ¢ = ++/2hv%eBn/c

Note a Landau level
at n=0!



Berry curvature

“Magnetic field” that corresponds to the Berry connection:

an = Vk X Ak = z(@kunk\ X \8kunk,)

By Stokes theorem,
Yo = ¢ dSQ

Symmetry properties:

L S(k) = (k) Either | or TR have to be broken

to have non-zero Berry curvature

TR: (k) = —Q(—k)



Example: Berry curvature in a Weyl semimetal

Conduction band

3D “graphene’,

27y N —v3P — pii00
“gapless topo phase”:

Pz

VoD — -0y

Valence band

First materials:

Dirac metals: Cd;As, , Na;Bi
Liang et al., Nat. Mat. (2015)

ZnTeg:
Li et al., Nature Physics 12, 550-554 (2016)
Transition metal pnictides (TaAs, TaP, etc):

S.-Y. Xu et al., Science 349, 613 (2015).
B. Q. Lv et al., Phys. Rev. X 5, 031013 (2015).

Reviews: Vafek&Vishwanath, Ann. Rev. 2014, Yan&Felser, Ann. Rev. 2017



Example: Berry curvature in a Weyl semimetal

Simplest low-energy (Weyl) Hamiltonian: H, = vok

Qe = 1 (OgUnk| X |Oktnk)

=X Z (8kunk\umk> X

m=#=n

Use (Upm|Ort,) =

(U |OkUnk)

_ (um|OkHi|un)

En—&m

to obtain

i) used for practical

_ / (un O, Hy, um)X(um O Hy, un) calculations,
nk — Zm (€rn—Em )2 ii) shows that we are
dealing with a case
For 3 Weyl point of interband coherence
Weyl
nlk — 75 kgk dlvkﬂnk, — —271'@1/[/5(]6 Kw)




Semiclassical dynamics of band electrons



Position operator in the band representation

Wave function in the band representation:
’¢> — an anQZkr|unk> rcnkz =7

Minimal derivation:

P = 3 ok (One™) k) = 37 ¥ i (coluni)

nk nk

= Z eikT (Zakcnk’unk, + anzak‘unkn
nk

— Z ™" [uni) (10, + 1 {Unke| Ok | Unk) ) Crk = Z e Uk ) (Penk)
nk nk

Position operator projected onto a band in a crystal:

r=1:Vy + Ag, Ay = i(“nk|akunk>

T

| attice coordinate Coordinate within the unit cell



Semiclassical motional in external fields

Proceed by comparison:

p = %Vr—eAr

r = in Ap - looks like a vector potential in momentum space

Motion in external fields is semiclassical:

p = eagblefxB,B:erAr
or
Oe,, ,
ro= {;pp DX Qup, Qup =Vp X Ap

Qp = 1(Optnp| X |OpUnp)



Application: anomalous Hall effect (B=0)

p = eE+erxB B=(0g P = ¢k
. 86 P . > . aﬁnp
r p P X Qp r op € P

-AHE _ 2 AHE 2
J — € fp an X Efnp: Tab — — € €abe fp Q%pfnp'

Historical time scales:

discovery - E. Hall in 1881,

relation to the spin-orbit coupling - 1954 by Karplus&Luttinger,
relation to band geometry - 1982 by TKNN

Compare to superconductivity&BCS: 1911-1957



Application: anomalous Hall effect (B=0)

p = eE+erxB B=(0g P = ¢E
. aep . ” . 86”13

= n — — — EXQn
r Ip P X Qp r Op € P

-AHE __ 2 sAHE _
J — € fp an X Efnp: Tab —€ eabCf Q fnp

For a Weyl semimetal:

K
77%/ T
Je % = Ji Qbab = [, WOk ka =" — [} ka(Ok - Q)

“almost quantized” 3D Hall effect.
K is defined up to a reciprocal lattice
vector. (Haldane, PRL 2004)

AHE e?
Oub = 3.7 €abe s



Motion in magnetic field

p = eE+erxB
r — — P X Qyp
Chiral anomaly
1
p = DB(GE—I—GVPXB—GLE B)2,)
, 1
r = D—B(Vp_@i_/@np_e(vp'ﬂ B)

e
AHE Chiral magnetic effect



Chiral magnetic effect

1

. . p = D—(6E+6Vpr—e2(E-B)Qp)
J=E¢€ fp DBT . L
P= o (vp —eE X Qup —e(vp - Qp)B)
Looks like a
jC’ME — [—62 Zn fp(’vnp - an)fnp] B “Fermi sea”
current

However, usingv,, = Jpenp and integrating by parts one arrives at

JCME = e’ Z /(ERPVP ' an)fnp + enpﬂnp ' fonp B
. n P i

o2 Berry monopoles are
=72 Z pwQw | B required for static CME
T W :




CME in a Weyl semimetal

-CMFE ezuR

(Vilenkin, 1980)

jC’ME _ 62(ML—MR)B
w=0 A2 (Kharzeev, Warringa, 2009;
Son, Yamamoto, 2013)

.CME _ e’(pr—pr)
Jw;éO T 1272 B




There is only dynamic CME in equilibrium
crystals

UL ---NAf----mmmmmmm e e\
Broken [
Ey # ER
OCME (Zhou, Jiang, Niu, Shi, Chin. Phys. Lett., 2013;
Jo=o =0 Vazifeh, Franz, PRL, 2013)

Physical reason: 3 o< B implies M o A in equilibrium
(Levitov, Nazarov, Eliashberg, JETP 1985)

.CME
For Jw#£0 see Chen, Wu, Burkov, PRB, 2013

Chang, Yang PRB 2015;
Ma, Pesin, PRB 2015;
Zhong, Moore, Souza, PRL 2016



The chiral anomaly

p = i(eEJrevpr e’(E - B)Qy)

rintra DB
atfp —I_ papfeq o I r = Dl (vp — eE X Qup — e(vp - Qp)B)
B

Equation for the density in a given valley: pw — € fp Dp fp

Orpw = e (E - B)/

p

Qpapfeq — GB(E | B) /(QP ' vp)aepfeq

p
iQwE . B Total charge near an individual Weyl

point is not conserved

The net charge conservation is ensured by “Berry neutrality”:

ZwQW:O



LL interpretation: chiral anomaly

CB

VB

L R

. . )
Nr — Np = 552 E- B‘ “3D chiral anomaly”
(S. L. Adler, 1969 ; J. S. Bell and R. Jackiw, 1969; Nielsen&Ninomiya, 1983)




LL interpretation: CME

-CME _ e’y
JL A2
(Vilenkin, 1980)

jCME _ GQ(ML—MR)B
w=0 42 (Kharzeev, Warringa, 2009:
Son, Yamamoto, 2013)

.CMFE __ e*(uL—pr)
Jwt0 = 1272 B




Recap: chiral anomaly

CB B = (0,0, B),

VB = H = +v [5J_(]5]_—6E)—|—szz}

14 7

“‘graphene” “gap

L R
. . )
Nr — Np = 552 E- B‘ “3D chiral anomaly”
(S. L. Adler, 1969 ; J. S. Bell and R. Jackiw, 1969; Nielsen&Ninomiya, 1983)




Recap: CME

jCME _ €2ML
L A2
(Vilenkin, 1980)

jCME _ GQ(ML—MR)B
w=0 42 (Kharzeev, Warringa, 2009:
Son, Yamamoto, 2013)

.CMFE __ e*(uL—pr)
Jwt0 = 1272 B




“Anomalous” transport theory in WS

(for a hydrodynamic description see Lucas, Richardson, Sachdev, PNAS 2016)

The currents include the chiral modes contributions:

‘RL _ o RL 4 e’B | RL
J — _Evﬂec L 1 2h2c H

pec = pl 4 eg
A FT

L R
The continuity equations include the anomalous divergences:

%

3
e
V°.R’L—|—8 R L E-B
J tP A2 h2c
The final stationary transport equations contain only ,ufi’L
2
2 V3D /R L
——V )UJec — th V[L 2770 (Hec o uec)




Negative magnetoresistance from the chiral anomaly

(Son, Spivak, PRB 2012)

For clarity: —V e — eE

Use chiral anomaly to generate imbalance:

47r 27,

L. E,

271'2 V3D

Convert the imbalance into "more conductivity” by the CME:
2 4

R L Tv 2
5]_47{'2(/’1’ _M):>6O'ZZ—84V3DB
6Jzz To 1
lo.2(B)— O'ZZ(O)| T u27r2 can be large

For a discussion of experimental issues, see Liang et al., PRX 2018



Non-local transport from chiral anomaly/CME

IV‘I;}S(D:::)I x e v p, = /D1, >d

/_7;,,;-7
Jl S. Parameswaran, T. Grover, D. Abanin,
DP, A. Vishwanath, PRX 4, 031035 (2014)

g:{(i““{q”
10" f 4

Measurement: - § -
C. Zhang, et al ol max 3
Nature, 2017 & (ool ﬁ
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